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Аннотация. Статья предназначена для исследователей, работающих в области переохлажденных расплавов. В ней рассматривается 

важный теоретический вопрос, связанный с возможностью установления локального термодинамического равновесия на границе 
раздела фаз при кристаллизации из переохлажденных металлических расплавов. Такие процессы играют ключевую роль в форми-
ровании структуры материалов при их затвердевании, особенно в условиях быстрого охлаждения, характерных для современных 
технологий металлургии и порошковой металлургии. При переохлаждении в расплаве начинают формироваться зародыши новой 
твердой фазы. Для математического описания роста зародыша необходимо задать граничные условия, определяющие состав приле-
гающей жидкой фазы. В традиционных подходах предполагается, что вблизи зародыша может быть установлено локальное равно-
весие, параметры которого извлекаются из равновесной диаграммы состояния. Однако, как показали исследования авторов для 
двухкомпонентных систем, в некоторых случаях локальное равновесие невозможно в принципе. В данной работе проведен теоре-
тический анализ условий равновесия. Для этого рассматривались химические потенциалы компонентов обеих фаз: твердого заро-
дыша и жидкого расплава. По равновесной диаграмме состояния соответствующей макросистемы можно составить представление 
о химических потенциалах их компонентов, в частности, в какой фазе химический потенциал каждого компонента ниже. Показано, 
что, когда зародыш новой фазы состоит из одного компонента, такое локальное равновесие, в принципе, всегда возможно. Однако, 
когда зародыш является раствором, такое возможно лишь при определенных условиях. В этих случаях применение граничных 
условий первого рода становится некорректным, и необходимо учитывать скорости химических реакций перехода каждого компо-
нента из одной фазы в другую. 
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Abstract. The article is intended for researchers working in the field of supercooled metallic melts. It addresses an important theoretical problem: 

the  possibility of establishing local thermodynamic equilibrium at the phase boundary during crystallization from a supercooled melt. Such 
processes play a crucial role in determining the microstructure of materials during solidification, particularly under rapid cooling conditions 
characteristic of modern metallurgical and powder technologies. During supercooling, nuclei of a new, solid phase begin to form in the melt. 
To mathematically describe the growth of such nuclei, it is necessary to specify boundary conditions that define the composition of the adjacent 
liquid phase. Traditional models assume that local equilibrium can be established near the nucleus and that its parameters can be derived from 
the equilibrium phase diagram. However, as demonstrated by our study of binary systems, local equilibrium may, in some cases, be fundamentally 
unattainable. This article presents a theoretical analysis of the conditions under which equilibrium may or may not be established. The analysis 
considers chemical potentials of the components in both the solid nucleus and the liquid melt. Based on the equilibrium phase diagram of the 
corresponding macrosystem, one can infer the relative chemical potentials of the components in each phase. It is shown that when the nucleus 
consists of a single component, local equilibrium is always possible in principle. However, when the nucleus is a solution, equilibrium may only 
be realized under specific thermodynamic conditions. In such cases, the application of first-kind boundary conditions becomes invalid, and it is 
necessary to take into account the rates of chemical reactions involved in the interphase transfer of each component. 
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 Introduction

The study of  the  kinetics of  crystal nucleation and 
growth during rapid solidification of the melt has become 
particularly relevant in recent years due to  the  develop-
ment of nanotechnologies and the wide use of amorphous 
alloys. To calculate the growth rates of nanocrystals [1 – 3] 
in a melt or, for instance, in an amorphous alloy during 
annealing [4 – 5], it is necessary to know the concentra-
tions of the melt components at their surfaces.

The aim of this study is to provide a theoretical analy-
sis of the conditions under which local equilibrium may 
(or may not) be established at the  boundary between 
a solid nucleus and a supercooled melt.

Let us consider a case in which a binary metallic melt 
is instantaneously cooled to a temperature below the soli-
dus. Nuclei of  a new, solid phase begin to  form within 
the melt. To formulate the differential equations describ-
ing the growth of such a nucleus, it is necessary to spec-
ify boundary conditions  – that is, the  concentrations 
of  the  liquid-phase components at the  phase interface. 
Traditionally, it is assumed that any system tends to reach 
an equilibrium state, and although true equilibrium can-
not exist in a supercooled liquid melt, it can be assumed 
that, at nanoscale distances from the nucleus, the compo-
sition of the liquid phase will be nearly equilibrium, i.e., 
local equilibrium is established. The parameters of this 
quasi-equilibrium are usually taken from the equilibrium 
phase diagram. However, our analysis shows that in many 
cases this assumption is not valid. 

Our conclusions regarding deviations from local 
equilibrium are supported by the  results of  studies 
on the  “solute trapping” effect caused by the  high rate 
of  crystal growth in the  melt  [6 – 9]. Theoretical stu
dies by several authors  [10 – 13], as well as our own 
research [14 – 15], have made it possible to identify cer-
tain regularities in these processes. Experimental studies 
of  various systems  [16 – 17], particularly supercooled 
metallic melts  [18 – 20], confirm the  manifestation 
of such effects in practice. Meanwhile, no general thermo
dynamic criteria have been formulated so far to  assess 
the conditions of local equilibrium during crystal growth. 
This study focuses on analyzing these conditions. 

To evaluate the equilibrium conditions, let us consider 
the processes associated with phase equilibrium through 
the chemical potentials of their components:

		         	 (1)

where  is the part of the chemical potential of the i-th 
component that does not depend on concentration, R  is 
the universal gas constant, T is the temperature, and ai is 
the activity of the i-th component. For the sake of gene
rality, we will use only the following properties of chemi-
cal potentials:

– the  dependence of  the  activity of  a component 
in the  phase on the  concentration of  that component is 
a monotonically increasing continuous function;

– as the  concentration of  a component approaches 
zero, its activity likewise tends to zero; hence, by Eq. (1), 
its chemical potential tends to −∞, and the molar contri-
bution of this component to the phase’s Gibbs free energy 
of mixing tends to zero.

 Binary system with equilibrium
 

in one component

Consider a model case of  a liquid solution (melt) 
of components A and B with an equilibrium phase diagram 
shown in Fig. 1 at temperature T1 . From the  diagram, 
several conclusions can be drawn about the  chemical 
potentials of the phase components. Since, at the fraction 
of component B corresponding to the pure component A, 
the system is at equilibrium in the solid state, the chemi-
cal potential of component A in the solid phase must be 
lower than in the  liquid phase: . In accordance 
with the  above considerations, let us draw the  corres
ponding curve 

Since, according to  Eq. (1), as x → 1 the  chemical 
potential  → –∞ and (0) larger (0), then by the Bol-
zano–Cauchy theorem for continuous functions [21] there 
exists a point x such that (x) =   . In the case shown in 
Fig. 1 at temperature T1 , this concentration is x1 .

Note that the  same reasoning also applies to  tem-
peratures below the  eutectic. Local equilibrium will be 
established between the solid-phase nucleus and the con-
tinuation of the liquidus line. This statement is applicable 
provided that an approximation (or an analytical expres-
sion) of the liquidus line below the solidus is available.

The analysis has been limited to component A because 
component B is absent in the  nucleus and its chemi-
cal potential does not affect phase equilibrium. Similar 
reasoning can be carried out for the growth of  a crystal 
of phase B. 
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According to  Fig. 1, at temperature T1 nuclei of  the 
pure component B are in local equilibrium with a solution 
of composition x2 .

 Binary system with equilibrium in both
 

components

Consider a more complex case. Let components  A 
and  B exhibit unlimited mutual solubility in both 
the  liquid and solid states, as represented by the  phase 
diagram in Fig. 2.

Based on the diagram (Fig. 2, a), we draw the required 
conclusions about the chemical potentials of the compo-
nents at temperature T1 . Since, at the  fraction of  com-
ponent B corresponding to the pure component A: x = 0, 
the system is at equilibrium in the solid state, the chemi-
cal potential of component A in the solid phase   must 
be lower than that in the liquid phase , as shown sche-

Fig. 1. Chemical potentials of the components in a system 
with a eutectic phase diagram (а) at temperature T1 (b) 

Рис. 1. Диаграмма состояния (а) и химические потенциалы 
компонентов системы с эвтектической диаграммой состояния 

при температуре T1 (b)

Fig. 2. Chemical potentials of the components (a, c) in a system 
with unlimited mutual solubility in liquid and solid states 

at temperature T1 : (b) partial equilibrium and (d) complete equilibrium 
between the liquid and solid phases

Рис. 2. Диаграммы состояния (a, c) и химические потенциалы 
компонентов системы с неограниченной взаимной растворимостью 

компонентов в жидком и твердом состояниях при температуре T1 
при неполном равновесии (b) и при полном равновесии (d) 

между жидкой и твердой фазами
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matically in Fig. 2, b. In accordance with Eq. (1), we plot 
the curves  =   (x) and  =   (x). In the general case, 
the curve   should lie above and to the right of   . We 
perform analogous constructions for component B. Since 
at x = 1 (pure B) the system is at equilibrium in the liquid 
state, the chemical potential of B in the liquid phase  
must be lower than in the solid phase , as also shown 
in Fig. 2, b. According to Eq. (1), we then plot  =   (x) 
and  =   (x). In the general case,  should lie above 
and to the left of  .

Note also that the mutual placement of the chemical-
potential curves for A and B is immaterial for the present 
argument.

For the  system to  be in equilibrium with respect 
to component A, the compositions of the liquid and solid 
phases must satisfy  Geometrically, this 
means that the compositions defined by the  intersection 
points of the curves  (x) and  (x) with any horizontal 
line correspond to A – equilibrium. There is an infinite set 
of such composition pairs. 

However, for the system to be in equilibrium, equilib-
rium with respect to component B must also be achieved 
at the  same concentrations. Thus, if the  composition 
of  the  solid phase corresponds to  point x1 in Fig. 2, b, 
then, despite the fact that the chemical potentials of com-
ponent  A in both phases are equal, equilibrium with 
respect to component B will not be attained. The chemi-
cal potential of component B in the liquid phase is higher 
than in the solid phase, and therefore a transfer of com-
ponent B from the liquid phase into the solid phase will 
occur. This disrupts A – equilibrium and shifts the solid 
phase composition. In the case shown in Fig. 2, b, con-
centration redistribution enriches both phases in compo-
nent B. The process terminates only when point x1 moves 
to position xSE and x2 moves to xLE.

Let us determine when true equilibrium  – simulta
neously in both components – is possible. At equilibrium  
 

the equalities and:  and .  
 

must hold at the same time. As seen in Fig. 2, c, d, this is nec-
essary and sufficient for the chemical affinities of the tran-
sitions from the liquid to the solid phase for component A: 

 and for component B:   
 

to have opposite signs, that is, either ,  
 

or .
We now prove this mathematically. For simplicity, 

consider the  case where the  component activities are 
equal to  the  mole fractions. At equilibrium, the  equali-
ties must hold simultaneously:  and  
 

, where xL and xS are the mole fractions  
 

of component  B in the  liquid and solid phases, respec-
tively. Using Eq. (1), we can write these relations in 
the form:

      (2)

Introduce the notation

	    	 (3)

From system (2) it follows that it is impossible to have 
KA = 1 or KB = 1, or KA = KB , since in any of these cases 
one obtains KA = KB = 1 and xL = xS, that does not occur 
in this case.

Except for these cases, from Eq. (2) we obtain

	        	 (4)

However, Eq. (4) may also yield physically meaning-
less results (negative values or values exceeding unity). 
Let us determine for which values of KA and KB the cons
trains 0 ≤ xS ≤ 1, 0 ≤ xL ≤ 1, are satisfied, i.e.,

	    	 (5)

An analysis of  the  system of  inequalities  (5) shows 
that they hold when (KA < 1, KB > 1), or, conversely, 
(KA > 1, KB < 1). Using the notation of Eq. (3), we obtain 
that equilibrium in the system under consideration is pos-
sible if the  chemical affinities  and   have opposite 
signs: if for one component, say A:  >  , then for 
the  other it must necessarily be the  opposite:  <  . 
Thus, the criterion for the possibility of local equilibrium 
is the set of conditions

 
      (6)

Let us consider the  case where these conditions are 
not satisfied – namely, the same system at a temperature 
T2 below the solidus line (Fig. 3).

At temperatures below the solidus, both components 
in the pure state are solid:

  

so the necessary conditions for phase equilibrium are not 
fulfilled. This is evident from Fig. 3, since the   curve 
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lies above and to the right of the   curve; at equilibrium 
with respect to component A one has xS < xL.

For component B, the   curve lies above and to the left 
of the   curve, and equilibrium with respect to compo-
nent B is possible only if xL < xS. These conditions cannot 
be satisfied simultaneously – equilibrium is impossible.

Thus, at temperatures below the  solidus, when both 
components are in the  solid state, the  equilibrium con-
ditions for both components cannot be fulfilled simulta-
neously. The analysis shows that, in this case, any local 
equilibrium between the liquid and solid phases is impos-
sible because it would require mutually contradictory 
values of the chemical potentials. Consequently, any ana-
lytic continuation of the equilibrium lines into the region 
of  supercooled melts below the  solidus has no thermo
dynamic justification and cannot be used to provide a cor-
rect description of phase transformations on supercooling.

 Results and discussion

The aim of  this work was to  use equilibrium phase 
diagrams to study the dynamics of nucleation and growth 
of  nuclei of  a new phase. It is evident that under rapid 
cooling the  system does not attain global equilibrium; 
however, in the  vicinity of  the  solid – liquid interface 
a quasi-equilibrium local state may be established, which 
makes it possible to employ thermodynamic approaches. 
The use of local equilibria is a key principle of nonequi-
librium thermodynamics. 

The analysis shows that such local equilibria are not 
always possible. If the nucleus consists of a single com-
ponent, a quasi-equilibrium description is applicable. For 
two or more components, the  feasibility of  local equi-
librium is determined by the relative signs of the chemi-
cal affinities for the  interphase transitions. In particular, 
if these affinities have the  same sign, local equilibrium 
is impossible, and the  phase transformations must be 
described exclusively by kinetic models.

The proposed approach can be extended to  more 
complex systems, provided that functional dependences 
of phase activities on composition are available. For more 
accurate modelling of nucleus growth, the model should 
be supplemented with diffusion equations describing 
mass transport to the phase boundary and with rate equa-
tions governing the  interphase chemical reactions that 
transfer components between the phases.

 Conclusions

We have developed a method for determining the pos-
sibility of local equilibrium between a solid nucleus and 
the liquid (parent) phase based on an analysis of the chemi
cal potentials of the components. With the necessary modi

fications, this approach can be applied to real multicom-
ponent systems. In cases where the establishment of local 
equilibrium is impossible, a mathematical description 
of  crystallization must include not only diffusion equa-
tions but also equations for the rates of interfacial chemi-
cal reactions for each component.
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