I1ZVESTIYA. FERROUS METALLURGY. 2025;68(5):517-522.
Drozin A.D., Dudorov M.V. Criteria for the existence of local equilibria in supercooled melts

PU3UKO-XMMUYECKUE OCHOBDI

METANNYPTMYMECKUX MPOLIECCOB

UDC 669.15

DOI110.17073/0368-0797-2025-5-517-522 - .
Original article

OpueuHa/thaﬂ cmambuvs

CRITERIA FOR THE EXISTENCE OF LOCAL EQUILIBRIA
IN SUPERCOOLED MELTS
A. D. Drozin®, M. V. Dudorov
I South Ural State University (76 Lenina Ave., Chelyabinsk 454080, Russian Federation)

&) drozinad@susu.ru

Abstract. The article is intended for researchers working in the field of supercooled metallic melts. It addresses an important theoretical problem:
the possibility of establishing local thermodynamic equilibrium at the phase boundary during crystallization from a supercooled melt. Such
processes play a crucial role in determining the microstructure of materials during solidification, particularly under rapid cooling conditions
characteristic of modern metallurgical and powder technologies. During supercooling, nuclei of a new, solid phase begin to form in the melt.
To mathematically describe the growth of such nuclei, it is necessary to specify boundary conditions that define the composition of the adjacent
liquid phase. Traditional models assume that local equilibrium can be established near the nucleus and that its parameters can be derived from
the equilibrium phase diagram. However, as demonstrated by our study of binary systems, local equilibrium may, in some cases, be fundamentally
unattainable. This article presents a theoretical analysis of the conditions under which equilibrium may or may not be established. The analysis
considers chemical potentials of the components in both the solid nucleus and the liquid melt. Based on the equilibrium phase diagram of the
corresponding macrosystem, one can infer the relative chemical potentials of the components in each phase. It is shown that when the nucleus
consists of a single component, local equilibrium is always possible in principle. However, when the nucleus is a solution, equilibrium may only
be realized under specific thermodynamic conditions. In such cases, the application of first-kind boundary conditions becomes invalid, and it is
necessary to take into account the rates of chemical reactions involved in the interphase transfer of each component.
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KPUTEPUU CYLLLECTBOBAHUA NOKANIbHbIX PABHOBECUIA
B NEPEOXNTAXAEHHbIX PACNNABAX
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AnHomayus. Crarbs npeqHa3HaueHa JUIsl HCcieoBaresie, paboTamonmx B 00JIaCTH MepeoxIaXkICHHBIX pacIulaBoB. B Hell paccMaTpuBaercs
BAYKHBI TEOPETUYECKUI BOIPOC, CBA3AHHBIN C BO3MOKHOCTBIO YCTAHOBJICHUS JIOKAJIbHOTO TEPMOJANHAMUYECKOTO PAaBHOBECHS Ha I'PaHUIIE
pasnena ¢a3 npu KpUCTATM3ALNHU U3 ITEPEOXIIaK/ICHHBIX METAJUIMYECKHUX PAcIlIaBoB. Taknue MPOIECChl UTPAOT KIIFOYEBYIO POJIb B OPMH-
POBaHUM CTPYKTYPbl MAaTepUAJIOB IPU UX 3aTBEPJCBAHNUHU, OCOOCHHO B YCIOBHAX OBICTPOrO OXJIQXKICHUS, XaPAKTEPHBIX UISi COBPEMEHHBIX
TEXHOJIOTMH METAJUTypTHU M MOPOIIKOBOM MeTtamurypruu. [Ipu nmepeoxiakaeHuy B paciulaBe HAYMHAIOT (POPMHUPOBATHCS 3apOABIIIA HOBOM
TBepao# (asbl. [ MaTeMaTHYeCKOTO OMUCAHUS POCTA 3apOAbIIIA HEOOX0MMO 3a/1aTh IPAaHUYHbBIE YCIOBUS, OTIPEISIISIOINE COCTAB TIPHIIe-
raromien XUAKoH ¢a3pl. B TpaAMIIMOHHBIX MTOIX0/1AaX MPEAINONIAracTCs, YTO BOJM3H 3apOo/Ibllia MOXKET OBITh YCTAaHOBIICHO JIOKAIBHOE PAaBHO-
BECHE, IMapaMeTpbl KOTOPOTO M3BJIEKAIOTCA M3 PAaBHOBECHOH AMarpaMMbl cocTossHHUs. OMHAKO, KaK MOKa3aldHu HCCIEI0BaHUS aBTOPOB IS
JIBYyXKOMIIOHEHTHBIX CUCTEM, B HEKOTOPBIX CIIy4asiX JOKaJIbHOEC PaBHOBECHE HEBO3MOXHO B IpuHIUIE. B naHHON padoTe mpoBeneH Teope-
TUYECKUI aHallu3 yCcIOoBUil paBHOBecHUs. [[iis 9TOro paccMaTpuBalnCh XUMHUYECKUE TIOTEHIHAIBI KOMIIOHEHTOB 00enx (ha3: TBEpJOro 3apo-
JIBIIIA M JKUAKOTO paciuiaBa. [To paBHOBeCHOH auarpaMMe COCTOSHUSI COOTBETCTBYIOIIEH MaKPOCHCTEMBI MOKHO COCTAaBUTH IPECTaBICHUE
0 XMMHYECKUX NOTCHIIMAIAX UX KOMIIOHEHTOB, B YACTHOCTH, B KaKo# (haze XMMHUYECKHI TIOTEHIHAI Ka)X/1I0ro0 KoMrnoHeHTa Hike. [lokaszaHo,
YTO, KOT/JIa 3apPOABIII HOBOW (pa3bl COCTOUT M3 OJHOTO KOMIIOHEHTA, TAKOE JIOKAJIbHOE paBHOBECHE, B IPUHIIUIIE, BCEraa BO3MOKHO. OHAKO,
KOT/Ia 3apOJABII SIBISETCA PAaCTBOPOM, TaKOE BO3MOYKHO JIMIIb IPU OINpPEJIENICHHBIX YCIOBUAX. B 3TuX ciydasx mpuMeHeHHE TPaHMYHBIX
YCJIOBUI NEPBOTO POJia CTAHOBUTCSI HEKOPPEKTHBIM, U HEOOXOAMMO yUYUTHIBATh CKOPOCTH XMMHUYECKHUX PEaKIUil Iepexo/ja KaxkI0ro KOMIIO-
HEHTa U3 OHOH (ha3bl B APYTyIO.
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- INTRODUCTION

The study of the kinetics of crystal nucleation and
growth during rapid solidification of the melt has become
particularly relevant in recent years due to the develop-
ment of nanotechnologies and the wide use of amorphous
alloys. To calculate the growth rates of nanocrystals [1 — 3]
in a melt or, for instance, in an amorphous alloy during
annealing [4 — 5], it is necessary to know the concentra-
tions of the melt components at their surfaces.

The aim of this study is to provide a theoretical analy-
sis of the conditions under which local equilibrium may
(or may not) be established at the boundary between
a solid nucleus and a supercooled melt.

Let us consider a case in which a binary metallic melt
is instantaneously cooled to a temperature below the soli-
dus. Nuclei of a new, solid phase begin to form within
the melt. To formulate the differential equations describ-
ing the growth of such a nucleus, it is necessary to spec-
ify boundary conditions — that is, the concentrations
of the liquid-phase components at the phase interface.
Traditionally, it is assumed that any system tends to reach
an equilibrium state, and although true equilibrium can-
not exist in a supercooled liquid melt, it can be assumed
that, at nanoscale distances from the nucleus, the compo-
sition of the liquid phase will be nearly equilibrium, i.e.,
local equilibrium is established. The parameters of this
quasi-equilibrium are usually taken from the equilibrium
phase diagram. However, our analysis shows that in many
cases this assumption is not valid.

Our conclusions regarding deviations from local
equilibrium are supported by the results of studies
on the “solute trapping” effect caused by the high rate
of crystal growth in the melt [6 — 9]. Theoretical stu-
dies by several authors [10 — 13], as well as our own
research [14 — 15], have made it possible to identify cer-
tain regularities in these processes. Experimental studies
of various systems [16 — 17], particularly supercooled
metallic melts [18 —20], confirm the manifestation
of such effects in practice. Meanwhile, no general thermo-
dynamic criteria have been formulated so far to assess
the conditions of local equilibrium during crystal growth.
This study focuses on analyzing these conditions.

To evaluate the equilibrium conditions, let us consider
the processes associated with phase equilibrium through
the chemical potentials of their components:
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w,=u +RTIna, (1)

where 1 is the part of the chemical potential of the i-th
component that does not depend on concentration, R is
the universal gas constant, 7 is the temperature, and a; is
the activity of the i-th component. For the sake of gene-
rality, we will use only the following properties of chemi-
cal potentials:

—the dependence of the activity of a component
in the phase on the concentration of that component is
a monotonically increasing continuous function;

—as the concentration of a component approaches
zero, its activity likewise tends to zero; hence, by Eq. (1),
its chemical potential tends to —co, and the molar contri-
bution of this component to the phase’s Gibbs free energy
of mixing tends to zero.

- BINARY SYSTEM WITH EQUILIBRIUM
IN ONE COMPONENT

Consider a model case of a liquid solution (melt)
of components 4 and B with an equilibrium phase diagram
shown in Fig. 1 at temperature 7. From the diagram,
several conclusions can be drawn about the chemical
potentials of the phase components. Since, at the fraction
of component B corresponding to the pure component A4,
the system is at equilibrium in the solid state, the chemi-
cal potential of component 4 in the solid phase must be
lower than in the liquid phase: uff < uﬁo. In accordance
with the above considerations, let us draw the corres-
ponding curve p’; = p;(x).

Since, according to Eq. (1), as x — 1 the chemical
potential p”, — —o0 and p’(0) larger u5(0), then by the Bol-
zano—Cauchy theorem for continuous functions [21] there
exists a point x such that p’(x) = Mf,”. In the case shown in
Fig. 1 at temperature 7', this concentration is x, .

Note that the same reasoning also applies to tem-
peratures below the eutectic. Local equilibrium will be
established between the solid-phase nucleus and the con-
tinuation of the liquidus line. This statement is applicable
provided that an approximation (or an analytical expres-
sion) of the liquidus line below the solidus is available.

The analysis has been limited to component A because
component B is absent in the nucleus and its chemi-
cal potential does not affect phase equilibrium. Similar
reasoning can be carried out for the growth of a crystal
of phase B.
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Fig. 1. Chemical potentials of the components in a system
with a eutectic phase diagram (a) at temperature 7' (b)

Puc. 1. JIlnarpamma cocTosiHuS (@) U XUMUYECKUE MOTCHIHATBI
KOMITOHEHTOB CHCTEMBI C DBTEKTHYECKOM JTHArpaMMOii COCTOSIHUSI
npu Temneparype T, (b)

According to Fig. 1, at temperature 7| nuclei of the
pure component B are in local equilibrium with a solution

of composition x,.

- BINARY SYSTEM WITH EQUILIBRIUM IN BOTH
COMPONENTS

Consider a more complex case. Let components A
and B exhibit unlimited mutual solubility in both
the liquid and solid states, as represented by the phase
diagram in Fig. 2.

Based on the diagram (Fig. 2, a), we draw the required
conclusions about the chemical potentials of the compo-
nents at temperature 7. Since, at the fraction of com-
ponent B corresponding to the pure component 4: x = 0,
the system is at equilibrium in the solid state, the chemi-
cal potential of component 4 in the solid phase ui‘) must
be lower than that in the liquid phase uﬁ", as shown sche-
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Fig. 2. Chemical potentials of the components (a, ¢) in a system
with unlimited mutual solubility in liquid and solid states
at temperature 7|: (b) partial equilibrium and (<) complete equilibrium
between the liquid and solid phases

Puc. 2. JInarpamMbl COCTOSIHUS (@, €) ¥ XUMHYECKHE MTOTECHIIHAIIBI
KOMITOHEHTOB CHCTEMbI C HEOTPAaHUUEHHOH B3aUMHON PaCTBOPUMOCTBIO
KOMIIOHEHTOB B JKUJIKOM M TBEPIOM COCTOSHUAX NpH Temmeparype T,
HPH HEMOJIHOM paBHOBeCHH (b) U IIPU TTOJTHOM paBHOBECHH (d)
MEKIY JKHIKOH U TBepaoit (azamu
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matically in Fig. 2, b. In accordance with Eq. (1), we plot
the curves p’, = p’;(x) and u® =’ (x). In the general case,
the curve uﬁ should lie above and to the right of ui. We
perform analogous constructions for component B. Since
atx = 1 (pure B) the system is at equilibrium in the liquid
state, the chemical potential of B in the liquid phase pj
must be lower than in the solid phase ', as also shown
in Fig. 2, b. According to Eq. (1), we then plot us = uk(x)
and u; = p5(x). In the general case, p3 should lie above
and to the left of p’.

Note also that the mutual placement of the chemical-
potential curves for 4 and B is immaterial for the present
argument.

For the system to be in equilibrium with respect
to component 4, the compositions of the liquid and solid
phases must satisfy p’, (cj) =ud (cj). Geometrically, this
means that the compositions defined by the intersection
points of the curves uj(x) and ui (x) with any horizontal
line correspond to 4 — equilibrium. There is an infinite set
of such composition pairs.

However, for the system to be in equilibrium, equilib-
rium with respect to component B must also be achieved
at the same concentrations. Thus, if the composition
of the solid phase corresponds to point x, in Fig. 2, b,
then, despite the fact that the chemical potentials of com-
ponent 4 in both phases are equal, equilibrium with
respect to component B will not be attained. The chemi-
cal potential of component B in the liquid phase is higher
than in the solid phase, and therefore a transfer of com-
ponent B from the liquid phase into the solid phase will
occur. This disrupts 4 — equilibrium and shifts the solid
phase composition. In the case shown in Fig. 2, b, con-
centration redistribution enriches both phases in compo-
nent B. The process terminates only when point x, moves
to position x** and x, moves to x"~.

Let us determine when true equilibrium — simulta-
neously in both components — is possible. At equilibrium
the equalities and: p’ (xL) =u (xs) and p (xL) = ui (xs).
must hold at the same time. As seenin Fig. 2, ¢, d, thisisnec-
essary and sufficient for the chemical affinities of the tran-
sitions from the liquid to the solid phase for component 4:
A, = uj" —M,Sf and for component B: Az = Ty —uls;’
to have opposite signs, that is, either (;,Lff’ < ui", uIL;’ > uz‘)),
or (wly >, i <)

We now prove this mathematically. For simplicity,
consider the case where the component activities are
equal to the mole fractions. At equilibrium, the equali-
ties must hold simultancously: p’ (xL) =ud (xS) and

wh (xL ) =5 (xs ), where xt and x5 are the mole fractions

of component B in the liquid and solid phases, respec-
tively. Using Eq. (1), we can write these relations in
the form:
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Mj‘) +RT1n(1—xL) =Mi° +RT1“(1_XS)’

=
;,Léo +RTInx" :ui‘) +RTInx®

1-x* ~exp i —p

1-x5 RT )

= L S, Ly

X Mg — My

—=eXp| —— |. 2

x° p[ RT J @

Introduce the notation

0 S 0 S
Ay =plp -, Ay =plp -,

Y Ay
K, :exp[— R—?j,KB:exp(— R_l;’j (3)

From system (2) it follows that it is impossible to have
K,=lorK,=1,or K, =K, since in any of these cases
one obtains K, = K, =1 and x* = x5, that does not occur
in this case.

Except for these cases, from Eq. (2) we obtain
s_ K, -1 ok

- K, -1
KA _KB ’

X =
KA _KB

Ky (4)

However, Eq. (4) may also yield physically meaning-
less results (negative values or values exceeding unity).
Let us determine for which values of K, and K, the cons-
trains 0 <x¥<1, 0 <x! <1, are satisfied, i.e.,

K, -1

0< K, -1 < Ka-l
KA_KB

<4 < Ky <l 5
K,-K, g ©)

>

An analysis of the system of inequalities (5) shows
that they hold when (K, <1, K,> 1), or, conversely,
(K,>1, K, <1). Using the notation of Eq. (3), we obtain
that equilibrium in the system under consideration is pos-
sible if the chemical affinities 4’ and A} have opposite
signs: if for one component, say 4: uﬁ“ >ui°, then for
the other it must necessarily be the opposite: pi < p3.
Thus, the criterion for the possibility of local equilibrium
is the set of conditions

(n<nf,nip>u) or (Wp>uf wp<u). (6

Let us consider the case where these conditions are
not satisfied — namely, the same system at a temperature
T, below the solidus line (Fig. 3).

At temperatures below the solidus, both components
in the pure state are solid:

(0 >nf, > u)

so the necessary conditions for phase equilibrium are not
fulfilled. This is evident from Fig. 3, since the p, curve
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lies above and to the right of the u’, curve; at equilibrium
with respect to component 4 one has x5 < x.

For component B, the u curve lies above and to the left
of the pf curve, and equilibrium with respect to compo-
nent B is possible only if x* < x5, These conditions cannot
be satisfied simultaneously — equilibrium is impossible.

Thus, at temperatures below the solidus, when both
components are in the solid state, the equilibrium con-
ditions for both components cannot be fulfilled simulta-
neously. The analysis shows that, in this case, any local
equilibrium between the liquid and solid phases is impos-
sible because it would require mutually contradictory
values of the chemical potentials. Consequently, any ana-
lytic continuation of the equilibrium lines into the region
of supercooled melts below the solidus has no thermo-
dynamic justification and cannot be used to provide a cor-
rect description of phase transformations on supercooling.

[ RESULTS AND DISCUSSION

The aim of this work was to use equilibrium phase
diagrams to study the dynamics of nucleation and growth
of nuclei of a new phase. It is evident that under rapid
cooling the system does not attain global equilibrium;
however, in the vicinity of the solid — liquid interface
a quasi-equilibrium local state may be established, which
makes it possible to employ thermodynamic approaches.
The use of local equilibria is a key principle of nonequi-
librium thermodynamics.

The analysis shows that such local equilibria are not
always possible. If the nucleus consists of a single com-
ponent, a quasi-equilibrium description is applicable. For
two or more components, the feasibility of local equi-
librium is determined by the relative signs of the chemi-
cal affinities for the interphase transitions. In particular,
if these affinities have the same sign, local equilibrium
is impossible, and the phase transformations must be
described exclusively by kinetic models.

The proposed approach can be extended to more
complex systems, provided that functional dependences
of phase activities on composition are available. For more
accurate modelling of nucleus growth, the model should
be supplemented with diffusion equations describing
mass transport to the phase boundary and with rate equa-
tions governing the interphase chemical reactions that
transfer components between the phases.

[ ConcLusIONs

We have developed a method for determining the pos-
sibility of local equilibrium between a solid nucleus and
the liquid (parent) phase based on an analysis of the chemi-
cal potentials of the components. With the necessary modi-

Temperature
%)

Lo

Iy

So
My

Chemical potential

Composition

Fig. 3. Chemical potentials of the components (a) in a system
with unlimited mutual solubility in liquid and solid states
at temperature 7, at incomplete equilibrium (b)

Puc. 3. Jlnarpamma cocTosiHUS (@) U XUMHYIECKHE TTOTCHIHAIIBI
KOMITIOHCHTOB CHCTEMBI C HCOTPAHIYCHHOW B3aHMMHOM PaCTBOPUMOCTBIO
KOMITOHEHTOB B )HJIKOM H TBEPIOM COCTOSIHHSX TIPH TEMIIepaType
T, ipu HemonHoM paBHoBecuH (b)

fications, this approach can be applied to real multicom-
ponent systems. In cases where the establishment of local
equilibrium is impossible, a mathematical description
of crystallization must include not only diffusion equa-
tions but also equations for the rates of interfacial chemi-
cal reactions for each component.
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