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Abstract. The task of the present theoretical investigation was to determine the external factors at which a spherical shell mold will not fail due to
temperature stresses occurring in it. The problem is formulated for determining the stress-strain state of the spherical shell mold formed in the support
filler at cooling of solidifying spherical steel casting. The investigated axisymmetric rotational body has four zones: liquid metal, solid metal, shell
mold, and support filler. To solve the problem, the equation of linear elasticity, the equation of heat capacity and a well-proven numerical method
were used according to which the investigated zone is partitioned into elements by a system of orthogonal surfaces. For each element, a formu-
lated system of equations is written in difference form, taking into account axial symmetry through the values of stresses and displacements along
the element edges and the lengths of the ribs’ arcs that limit its volume. The heat conduction equation is written in difference form for construction
of a heat balance for an arbitrary orthogonal element, including both average temperature of the element and temperatures of the elements surrounding
its volume. The authors found the solution of the difference analogue of heat equation by the “sweep” method according to the compiled iterative
scheme. A difference analogue of the formulated system of differential equations of the linear theory of elasticity has the form of an algebraic system
of equations. The algorithm for convolution of this system allows one to significantly reduce its rank. A general numerical scheme and algorithm for
solving the problem are presented. The result of the solution is the magnitude of stresses, displacements on average along the edges of each element
and average temperature in the element.
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YPaBHEHHE TEILIONPOBOIHOCTH ¥ alpOOUPOBAHHBIN YMCIICHHBIH METOI, COIIACHO KOTOPOMY McCliefyeMas 00nacTh pa3ouBaeTCcs CUCTEMOH opTo-
TOHAJIBHBIX [TOBEPXHOCTEH Ha 3IE€MEHTSHI. /I KaXKIOT0 3/IeMEHTa 3alliCaHa CHCTeMa YPaBHEHUH B PA3HOCTHOM BHJIE C y4E€TOM OCEBOM CHMMETPUH
yepe3 HaNpsHKeHUs U NepeMEeIleHust 10 TPaHsAM dIeMEHTa M JJIMHaM JIyr peGep, OrpaHHYMBAIOIUX €ro 00beM. YpaBHEHHE TEIUIONPOBOJHOCTH
3aIlICaHO B PA3HOCTHOM BHJE M3 IOCTPOCHHS TEIUIOBOTO OalaHCa IS IIPOU3BOIBHOTO OPTOTOHAIBHOTO IEMEHTa, BKIIFOYAIOIee KaK CPeIHIO0
TEeMIIepaTypy dJIEMEHTa, TaK U TeMIepaTyphl 2JIEMEHTOB, OKPYKaIOIMX ero 00beM. PellieHne pasHOCTHOTO aHaJIora ypaBHEHHs TEIIONPOBOIHOCTH
OCYILIECTBILIETCSI METOAOM «IIPOTOHKM» 10 COCTABICHHOM HTEpallIOHHOH cxeMe. IIpuBeeH pa3HOCTHBIN aHANIOr C(OPMYIUPOBAHHOW CHCTEMBI
s depeHIabHbIX ypaBHEHHH JIMHEHHOH TEOpUH yIIPYroCTH B BUJIE alreOpandeckoi cucTeMbl ypaBHeHUH. [1peicTaBIeHHbII aropuT™ CBEPTKI
3TOH CHCTEMBI MO3BOJIACT 3HAYUTENBHO HOHH3UTH ee paHr. [IpuBomuTcs oOmiast YHCICHHAs CXeMa M alTOpHTM pELICHHs 3amadd. Pesymsrarom
pelIeHus SBISIOTCS BETMYUHBI HAIIPSHKEHUH, epEeMEILeHHI B CPEIHEM 10 IPAHSIM Ka)KI0T0 2JIEMEHTa U CPEIHss TEMIIepaTypa B dJIEMEHTE.

Kiouesule ca108a: nuThe 110 BBILIABIAEMBIM MOZEIISIM, 000JI04KOBast (popMa, HAIPSKEHHOE COCTOSIHUE, MOZICIMPOBAHKE, TPEIIMHOO0pa3oBaHue
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- INTRODUCTION

Numerous analytical [1;2] and theoretical stu-
dies [3—5] have investigated the crack resistance
of a ceramic shell mold (CSM) after liquid metal is
poured into it and the solidifying casting is cooled.
A glass-shaped shell mold bounded by spherical and
cylindrical surfaces was studied. It was established that
the most dangerous stresses that arise when liquid metal
is cooled in the shell mold are normal tensile stresses on
the outer surface of the mold adjacent to the support filler.
The researchers determined the optimal external force
and temperature influences on the shell mold to guarantee
its durability during steel casting production. Addition-
ally, they studied the morphological structures of shell
molds that can withstand the thermal stresses of cooled
castings and proposed new designs.

Numerous theoretical and experimental studies have
been conducted to establish the characteristics of the
stress-strain state (SSS) of a ceramic shell mold and
the resulting castings in investment casting, and the
SSS dependence on factors such as the consumable pat-
tern [6; 7], the shape and geometry of the ceramic shell
mold [8; 9], mold wall thickness [10; 11], mold mate-
rial [12; 13], geometry of castings [14 — 16], and methods
of mold strength tests [17; 18].

Other works describe mathematical modeling of these
processes, including modeling methods [19], research
methods [20 — 22], studies based on numerical model-
ing [23 —25], special mathematical models [26 — 28],
and software [29; 30]).

Further theoretical studies have shown that the dura-
bility of shell molds largely depends on their shape,
which is organically related to the geometry of the cast-
ing formed in them.

However, practically no studies have investigated
the modeling of the crack resistance of a ceramic shell
mold based on the quantitative and qualitative indicators
of its stress-strain state as a steel casting in the shape of
a sphere (ball) is formed in it. This issue is addressed in
our study.
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We conducted a theoretical study related to steel
casting production in a spherical shell mold. A variety
of parts have spherical shapes, including spherical joints,
which are crucial components in mechanical engineering
and robotics.

The first theoretical results of the investigated manu-
facturing process were published in [31], where it was
clearly shown that the stress-strain state in a spherical
shell mold is drastically different from that in a cylindri-
cal shell mold when producing a steel casting. However,
the paper [31] does not present a mathematical model
of the process.

This study shows that high-quality billets for spheri-
cal joints can be obtained using casting, which is much
cheaper than metal treatment under pressure.

- ENGINEERING PROBLEM STATEMENT

Liquid steel is poured into a spherical mold, where it
crystallizes by removing heat through the shell mold walls
via the support filler (Fig. 1, @). A spherical shell mold
can be monolithic or consist of several layers [1], each
with its own physical and mechanical properties. When
steel is cooled in a shell mold, temperature stresses arise
in the wall due to a large temperature gradient. Under
certain external influences, these stresses can lead to wall
destruction, resulting in the rejection of the steel cast-
ing. Therefore, the objective of this theoretical study is
to determine the external factors under which the spheri-
cal shell mold will not be destroyed by the temperature
stresses arising in it.

] MATHEMATICAL PROBLEM STATEMENT

An axisymmetric rotational body is under consider-
ation. The deformable material is considered isotropic, and
the movement is deemed slow.

We have a four-component system (Fig. 1, b). The
deformable medium includes the solidified metal (region /7)
and the mold (region //]), both of which are isotropic
materials. The process is non-stationary. Using the theory
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Fig. 1. General (@) and calculation (b) diagrams of a spherical shell
mold (SM) molded in support filler and poured with liquid metal
in accordance with the axial symmetry:

LM - liquid metal (area /); SIM — solid metal (area //); SM — shell mold
(area II1); SF — support filler (area /V); S, — inner contact surface of
liquid and solidified metal; S, — inner contact surface of solidified metal
and shell mold; S, — outer surface of the shell mold;

S, — free surface of the end face of casting cup; R — radius of the
spherical casting; S — thickness of shell mold; S_ — thickness of solidified
metal crust; a — slope angle of casting cup; ¢ — angle of enclosing
surface of shell mold with a support filler

Puc. 1. O6mas (@) u pacuetHast (b) cxemsl mapoodpaznoit OD,
3a(hOpMOBAHHOM B OTIOPHBII HAMIOIHUTENb U 3aJTUTON
KUJIKMM METAJIOM C Y4ETOM OCEBOIf CHMMETPHHU:

LM — sxuakuit metamt (obmacts /); SIM — TBepablil MeTat
(obnacts /1); SM — obonoukoBast popma (obmacts /11);

SF — onopublit Hanonuutens (o6nacts /V); S, — BHYTpeHHss HOBEPX-
HOCTb KOHTAKTa YKUJIKOTO M 3aTBEPJICBILIEIO METALIA;

S, — BHYTPEHHsIs IOBEPXHOCTh KOHTAKTa 3aTBEP/IEBIIIET0 METAIIA U
0005104K0BOH (pOPMBI; S, — BHENIHSS TOBEPXHOCTH 000JIOUKOBOH (hop-
MbI; S, — cBOOO/IHAs TIOBEPXHOCTH TOPIA IMTHUKOBOH yamn SM;

R — paauyc mapoo6pa3Hoit OTIMBKY; S — ToNIIKMHA 000109KOBOH (hop-
MBI; S, — TOJIIMHA KOPOUKH 3aTBEP/IEBLIET0 METAILIA; 0L — YIOJI HAKJIOHA
JIMTHUKOBOW BOPOHKH; () — YrOJI OXBaTa MOBEPXHOCTH 000IOYKOBOI
(OpMBI OTIOPHBIM HATIOJHUTENIEM

of elasticity and the Eulerian reference frame, we write
a system of equations for each region:
— for region /:

G =0y =033, =0=F; 0
P =vh; 6 =0,A6;

— for regions 11, I

G”:O,i;j:1,2,3;

* * 1
G, —06,.]. :ZGpsl.j; e, =&y —5861]_; €=¢;; o
g; =3k,6+30,(0-6); &, =0,5(U, +U,;);

00
C y— =div(Agrad0);
" (Agrad0)
where G, are the components of the stress tensor; 6 is the

hydrostatic stress; g, are the components of the elastic
strain tensor; £ is the height of the liquid metal column;

k _1=-

» H is the coefficient of volume compressibility;

u is Poisson’s ratio; £ is Young’s modulus; G is the shear
modulus in region p (I1, I1]); o, is the linear expansion
coefficient; @, is the temperature conductivity coefficient
in the region /; T is time; 0 is temperature;* C, is the spe-
cific heat in the region p; y is density; 0, is the initial
temperature in the region p; A = A(0) is heat conduction;

goy

Ou, . o
G, = —'; and summation over repeated indi-

== U, .
sJ axj 1] axj

ces is performed.

In accordance with axial symmetry, we consider the
meridian section (Fig. 1, b).

If6_ <0_(0_and0_ are the temperatures of the metal
and crystallization), as the liquid metal is cooled, its tem-
perature is determined by the thickness of the solidified
layer A, from the solution of the interphase transition
equation [5].

Initial statement of the problem:

Al _, = 0 (absence of the metal solid phase);

97‘1:0 =0= 9; (temperature of the poured liquid me-
tal);

0ul._, = 0" (initial mold temperature).

Boundary conditions of the problem (Fig. 1, b):

— on the axis of symmetry: U, =0; 0, =0; g, =0;

— on surfaces S, S, S,

Oy1ls==P; 012 |5, =0; Uy 5, = 0; 05, [5,= 0;

3)

U, .
Oiz |s3:_\l/U_fC0’7(”1x1)2 0l,=06;

where U, is the sliding of the mold material relative
to the sand; U" is the normalizing displacement; and vy is
a parameter characterizing the friction conditions between
the mold and the support filler.
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The numerical method was used [32] to solve the sys-
tem (2). According to this method, the deformation region
is divided into a finite number of orthogonal curved ele-
ments (Fig. 2, a).

With axial symmetry, we have o, =
=0, =0, U,=0.

In accordance with [32], the equations (2) and the
values ¢, taking into account axial symmetry, will be writ-
ten as follows:

63,=0; 0=

S13A8,(01; =06, ) + 81,815(0y; —033) +
+0,5A6,,5,,5,; +0,5AG,,5,,5,; +
+(85,A8y; +28,,A8,,)0,, =0;

4)
§51A853(0 —033) + 8235,1(0 —0yy) +
+0,5A06,,5,35,, +0,5A0,,5,,8; +
+(51,A8; +255A8),)0,, =0;
G114 =0 = 2Gp(8|] —€5); )
Gy =033 = 2Gp(822 —€3);
€ + &y + 853 =3k,0+30a,(0-0)); (6)
 _20U, 2U,AS, _2AU, 2U,AS,.
11— > ©22 T o s
APy Sy S S, Sy Sy 7
e 2U, AS;; . 2U, AS,;
3= o >
S35 Sy Sy Sy

where U, =U} +U}, AU, =U} -U/},(i=1,2);S; =S} +S;;
AS, =S} -S;.

The adopted symbols are described in [1; 7].

The equations (4) — (7) are written taking into account

0.
that Y, =0, i =0; i=1,2,3; for rotational bodies
X, 0Ox;
AU, AU
AS, =0; AS,,=0; —1=0; —2=0; U, = 0; on the sur-
S

3 3
facex x,: §, — S, =0;onthesurface x,x,: S, — S, =0;shift
values ¢,(i # /) shall be written for the node (0) (Fig. 2, d)
in the form

o 2AU, S+ S5
& = +
S, S8,
2A .
+ Ui -0, SU —5 , ®)
S SISZ
where S, =8 +85 AU, =U, -U,; S =S8 +587";
S =8"+8"; ; U, is the average of the Value U, along the

element edges

The authors of [32] prove that if there are initial and
boundary conditions, the difference analogue of the sys-
tem (4) — (6), taking into account the equation (7), is
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definable. The order of the system (4) — (6) is significantly
reduced when the following operations are performed.

1. The differences (0, ij) in equations (4) are
expressed by formula (5).

2. The mass conservation equation is rewritten in the
recurrent form, taking into account expressions (7), in the
form U,2 = Ul1 + [A4]; where [A4] is an operator that does not
contain U/'; direction of bypassing the area along x,(—),
along x,(1).

3. Shift expressions g,(i#)) are determined based
on internal grid nodes in accordance with formulas (8);
i=1,j=2.

4. The values o, (z #j) are determined based on the inter-
nal grid nodes from the equations of state G}, = G0812

5. The values o, are determined based on the external
grid nodes from the boundary conditions, and on the con-
tact surfaces — from the friction law.

6. G, are determined based on the element edges as the
average of the values o, at the edges’ nodes.

7. The first equation (4) is rewritten in the recurrent form
o), =67, + [B]; where [5] is an operator that does not con-
tain o,; direction of bypassing the area along x, (<), along
x ().

8. From the system of equations (the second equation
in the systern 4) and the equation 6,, — 6,, = 2M&,, — €,,))
the values 022 and 022 for the element are determmed the
equations of the form F, = (o3, ) (o ) 7.1 =0 composed
for the internal edges (where J is the element index on the
coordinate x,).

Thus, if we consider X = {UZ, U| cs“| =X }, in-
dependent variables, the sequence (1) - (7) can be used
to determine the dependent variables through X (x1 is the
final value of the coordinate x in the curved region.

The equivalent system of equations looks as follows

Ui,
F, = (Gil _Grl)

£ =0

)

where U, is known from the boundary conditions of dis-
placement U, at the boundary of the region (x, = xl*); GTI
is known from the boundary conditions of stress o, at the
boundary of the region (x, = 0).

There are as many equations /7, = 0 as there are unknown
variables 011|x1:xr , and as many equations £, = 0 as there

are unknown variables U, ‘xl =0

The coefficients and free terms of the new equivalent
system of equations (9) can be found using the following
procedure.

Suppose the equivalent system of equations looks as fol-
lows

Fo=o;x;,+b,=0;i,j=1,..,n (10)
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If we assume that all unknown variables are equal to zero
(x,=0,i=1, ..., n), based on the above sequence (1) — (7)
and the calculation of F, by the formulas (9), we will find
the free terms of the new system (10):

Eo =b;i=1,..,n

Next, we find the coefficients a;. To do so, we calculate
x,=1L,x=00G# kii =1, ..., n). Using the above sequence,
we find the value F/‘ and a, by the following formula:

— ik 0 s _
a, =F"-F",i=1..,n

Thus, we determine the entire matrix a, of the new
equivalent system, which is solved using a standard pro-
gram. The order of the equivalent system is reduced
by approximately 10 times compared to the original one.

The heat conduction equation is solved using a numeri-
cal method [1; 32]. Under the method being considered, for
each internal " element (Fig. 2, a) the heat conduction sys-
tem is written from the heat balance in difference form, tak-
ing into account axial symmetry, and an iterative procedure
is constructed, which, given that the heat flow along x, is
equal to zero, is represented by the iterative formula:

_ 0, + 1,0 +1,6] +1,,0] +1,,6; i
T+t +1, +1, +1y, ’
2(h, + A7 At

2 o

12 — 1

0;

S,, + 585, C v,
2(h, +A; A
4 = (A +1)];11 T .
Sy +8y Cviy
. 2(7\,]{ +}\.;r) F2 A'l: . (11)
2= ) ;
Spp + 58 GV
20, +25) 4 At
21 2 >
Sy + 81, CviVe

F =S380 i#zk#pik,p=1,2,3 =12
Vo= S13812 (S5, +S31) .
¢ 16 ’

where 0, is the average temperature in the k' element at the
beginning of the time step At; A,, 0,, C,, v, are the ave-
rage heat conduction, temperature, heat capacity, and den-
sity in the A" element at the end of the time step At; A, , 6,
and A/, 6], (i=1,2) are the heat conduction and tem-

0111

Fig. 2. Deformation zone:
a — scheme of breakdown into elements; b — distribution of stresses; ¢, d — distribution of displacements along the element edges

Puc. 2. O6nactb 1eopMHUPOBAHHUS:
a — cxeMa pa30HMBKM Ha IEMEHTBI; b — pacrpeseeHne HaNPsuKeHHit; ¢, d — pacnpeieeHie HepeMeleH!i o TPaHsIM dJIeMeHTa
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perature in the element following the element £ on the
coordinate x, in the negative and positive directions x;;
=Sk i S =S+ SH Sy (£ 73j= 1, 2) and
S;.’ are the length of the arc Silj of the element following
the element k in the positive and negative directions on the
coordinate X;.
The authors of [32] proved the iteration procedure con-

vergence (11).

- ALGORITHM FOR SOLVING THE PROBLEM

1. The cooling time 1" is divided into a finite number of
steps: T = ZA’CH; where 7 is the number of the time step.

2. The region under study is divided into a finite number
of orthogonal elements.

3. The initial and boundary conditions for the elements
forming the investigated region and the constants of the
physical and mechanical properties of the materials are
established.

4. The lengths of the elements’ arcs are calculated S,
(G, k=1,2i+tkj=1,2).

5. The temperature field at the time step At is deter-
mined by the numerical solution of the heat equation using
the iterative formula (11) if there are initial and boundary
conditions at the investigated time step.

6. If the temperature in the region / near the surface S,
0], < 0,, the thickness A of the crystallized crust is calcu-
lated [5]. If 0] 5> 0,, the following operation is performed.

7. The system of equations (2) is solved taking into
account difference analogues (4) — (7) and the developed
procedures [1; 32] described above. The fields of stress o,
and displacements U (i, j = 1, 2) are determined.

8. Time steps are taken; if ZA’En <1, the operation 4

is performed; if Z At, = t the calculation process is comp-
leted.

As the temperature problem was solved, boundary con-
ditions of the first kind (3) were used. To determine 0_(t)
and 0°(t), we will use the experimental data from [1].
Approximation of these values yields the following result:

6, =1550— 1666t~ 0=,
0+t

0<1t<60S5;

0" =20+17.3vt;

where 7 is the cooling time, s.

The time T does not exceed 60 s, since at T > 60 s the
stresses in the shell mold plummet and cannot cause its
destruction.

A mathematical model has been developed to determine
the stress-strain state and temperature in the shell mold
when a spherical casting is cooled in it. This model was
used in a numerical solution of the problem on modeling
the crack resistance of a spherical shell mold.
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- CONCLUSIONS

The first theoretical attempt was made to formulate
and solve the problem of determining external factors at
which a spherical shell mold will not fail due to temperature
stresses occurring in it.

Based on the fundamental equations of the theory of
elasticity and numerical methods, a numerical scheme and
algorithm for solving the problem were developed.

The proposed method for modeling the crack resistance
of a spherical shell can be recommended for other func-
tional shells.
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